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Today: Floating Point
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m Floating pointin C i ¢r

m Summary
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Fractional Binary Numbers
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m Representation 2]

= Bits to right of “binary point” represent fractional powers of 2
= Represents rational number:
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_"Hmnzo:m_ Binary Numbers: Examples

m Value xma_oﬂmmm:ﬁmzo:
Y Yy
53/4 101.112
27/8 10.1112
17/16 101112
~ . R%\Sn)
f it
m Observations 0.1 L
= Divide by 2 by shifting right (unsigned) . r\\.\a,\s.&ﬂ
= Multiply by 2 by shifting left 4

~———— —

= Numbers of form 0.11111 ..t are just _um_oém.b\ I
= 1/2+1/4+1/8+..+1/2'+...— 1.0 )
= Use notation 1.0 —¢

1.0
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= 0.%3..
Representable Numbers
Avogadeos 17
m Limitation #1 - Tu@
= Can only exactly represent numbers of the form'x/2* %;O\... L W_N
= Other rational numbers have repeating _o_m\qm_oﬁmmmsﬁmzo:m LUy 0 ~
= Value Representation —
+1/3  0.0101010101[01].. E.M% S
Gb\[@ 0.001100110011[0011]..2 PNQ |
= 1/10 0.0001100110011[0011]..2 @mbr \r:u._&\\
L— — 72~
a Limitation #2 < Smaljey 1<t
\?\\u
= Just one setting of binary point within ﬁ:é 2

= Limited range of numbers (very small values? very large?)

.
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Today: Floating Point

|IEEE floating point standard: Definition
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IEEE Floating Point

m |[EEE Standard 754

= Established in 1985 as uniform standard for floating point arithmetic
= Before that, many idiosyncratic formats
= Supported by all major CPUs

m Driven by numerical concerns
= Nice standards for rounding, overflow, underflow
®" Hard to make fast in hardware

= Numerical analysts predominated over hardware designers in defining
standard
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Floating Point Representation m rM.\_a%

: 60.
5197 )
: ~J 1)
m Numerical Form: L 1O
(-1 >
L : : : L < (O
= Sign bit s determines whether number is negative or positive
o %358:@9 normally a fractional value in range
- %Emmmzm value by power of two
0
~\
v o D X hﬁ J/%\
m Encoding f\w N
. _<_mw S is sign bit s )
: " exp fie :m_o_ encodes E {but is not equal t
/J - ?mn field encodes M :or; is not mo_c\m_\WO\)_/\:
v
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Precision options

Jes
w410&\ L

m Single precision: 32 bits

—

‘ oo N frac >/( N \.\N\vctwﬁ
@bits) 3bits Yy

m Double precision: 64 bits A.xYle = § Wy ¥ !

7 \H

s [exp frac )

m Extended precision: 80 bits (Intel only)

\y —

s [exp . frac N

Bryant and O’Hallaron, Computer Systems: A Programmer’s Perspective, Third Edition

10



5 M\\d.,ow?v ’ ﬁﬁpP d
@) \\..\.Hv Pﬁ\d .,
Narmelited ?_S.fv 7 LL\ Dendimea)ined Stecial Uil
QQn«O:IQ ¢ exyp == O O eN? == ) R W
ey x l--- L . -
R., —VW ) 3 ) pf\\\} ﬁ\yd ' ? . @x i,% %ﬂﬁﬁ po . O
, Eo ) — Gias = O
m/alm\% — Bias " )
M 1 %8&. M) — O. %son‘ (~\)
I\. . ele J/ *,@an O 0
mcc\sm& ~ W«M\h et N EDC

(on tepresent @

Bryant and O’Hallaron, Computer Systems: A Programmer’s Perspective, Third Edition

(Not- o - (?wﬁb

J
e 1T

o0 —
g0 * O

11



Carnegie Mellon

“Normalized” Values

m When: exp # 000...0 and exp # 111...1

m Exponent coded as a biased value: E = Exp — Bias
= Exp: unsigned value of exp field
= Bias = N\_& -1, where k is number of exponent bits

[

m Significand coded with implied leading 1: M = 1.xxx...x2

= xxx...X: bits of frac field
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“Normalized” Values ) v=(l)M2E
7\/\1.}N|\|/ ) A ©
m When: exp # 000...0 and exp # 111...1,

m Exponent coded as a biased value: E = Exp — Bias

= Exp: unsigned value of exp field W Q Wiz
. wmm\maérma k'is number of exponent bits h\g\, \v Ca V2177
. - — biay> 2. 7V A 75
f@\e. Single precision: 127 (Exp @-Hmm...pww
,1,% Double precision: 1023 (Exp: 1...2046, E: -1022,..1023)
v\.\ | — P
L=l /
m Significand coded with implied leading 1: M =
= xxx...X: bits of frac field L
= Minimum when ?mnnooo...o@
= Maximum whe ?mnuﬁp..%@M 2.0 - | Rrcel = > i s

= Get extra leading bit 36 g . P) #
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Normalized Encoding Example

m Value: float F = 15213.0;

=11101101101101,
h‘ e
=1.1101101101101, x @
m Significand
M u@\@% 1101101101101/0 0 ©OO0D
frac= 1101101101101000000000 5

Carnegie Mellon

m Result:

S

S €XP -\, ¢ iy frac

\
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0/{10001100/{11011011011010000000000

v=(=1)M2°
E = Exp — Bias
Ll dteo,
1.7 = 4AF
2 |
\me_ 2 Q’ B
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Denormalized Values

m <

= (1) M 2F
= 1 — Bias

= Condition: @xp = 000...0)
m Exponent value: E u@m:ﬁmmg of E u@l Bias)

m Significand coded with implied _mmo::‘ M u@xxx...xN

= xxx.X: bits of frac
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= (—1)* M 2t

Denormalized Values v
E = 1-Bias

m Condition: exp = 000...0

m Exponent value: E = 1 — Bias (instead of E = 0 — Bias)
m Significand coded with implied leading 0: M = 0.xxx...x2 -

= xxx.x: bits of frac

> @
m Cases - ﬁ\,v \S
" exp=000.0, frac =000..0 = vv %
= Represents zero value g\
-—

* Note distinct values: +0 and -0 (why?)
" exp=000..0, frac# ooo...o

= Numbers closest to 0.0
4\./.\./\|\

= Equispaced
Q </b\|\
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Special Values

. nos%_o;@u _EH..@

m Case:exp=111..1, frac= ooo..@
= Represents <m_cm\oo ::::E\D
= QOperation that overflows

= Both positive and negative

-m.m;Hb\o.onEu+8\§uu% |
! ! @ lernt R
gl
m Case:exp=111.1, frac#000..0 — M)ho MNalo

= Not-a-Number (NaN)
= Represents case when no numeric value can be determined

" E.g., sqrt(-1), @ - 00 ,00XQ
\|(\|/|\\|\\\.\.
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Visualization: Floating Point Encodings

- 00 . )
—Normalized (~Denorm . | .+Denorm | +Normalized ]

1 I Palx: I
o ¢ o
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Today: Floating Point

m Example and properties
0
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Tiny Floating Point Example

S exp frac

1 4-bits E

m 8-bit Floating Point Representation

= the sign bit is in the most significant bit

= the next four bits are the exponent, with a bias of 7
= the last three bits are the frac

m Same general form as IEEE Format
®" normalized, denormalized
= representation of 0, NaN, infinity
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Dynamic Range (Positive Only) | v=(Iypm2

@mxv frac E Value n: E = Exp — Bias
0 0000 000 -6 O d: E=1-Bias
0 0000 001 -6 1/8*1/64 = 1/512

Denormalized O 0000 010, -6  2/8%1/64 = 2/512

numbers
0 0000 110 -6 6/8*1/64 = 6/512
0 0000 111 -6 7/8*1/64 = 7/512
0 0001 000 -6 8/8*1/64 = 8/512
0 0001 001 -6 9/8*1/64 = 9/512
0 0110 110 -1 14/8*1/2 = 14/16
0 0110 111 -1 15/8*1/2 = 15/16

Normalized 0 0111 000 0 8/8*1 =1

numbers 0 0111 o001 0 9/8*1 = 9/8
0 0111 o010 0 10/8*1 = 10/8
0 1110 110 7 14/8*%128 = 224
0

1110 111 7 15/8*128 = 240
0 1111 000 n/a inf

Bryant and O’Hallaron, Computer Systems: A Programmer’s Perspective, Third Edition 21



Carnegie Mellon

g=1- B : .

- Dynamic Range (Positive Only) | v=(-1)>m 2t
"y %ﬂﬁ.\ s mxw frac v.m?_@ Value 0 oo Ll nE= Exp — Bias

" 0 0000) 000 (-6 =00 d: E =1 - Bias

-0 0000 001 -6 (1/8¥1/64 =\1/512 dosesttozero (. _ M.U

ﬁm:o::m:nma 0 0000 010 -6 NK.@*“_.\@ = 2/512,

numbers -5
(1Y .0.00L -2 g
7
\\\w

(~1)°. 0.010 T
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o Dynamic Range (Positive Only) | v=(-1) M2
j@%ﬁv s exp frac E Value n: E = Exp — Bias
mevﬂv or d: E =1 - Bias
N closest to zero
Denormalized
numbers
0 _ 0 0000 110 -6 6/8*1/64 = 6/512
*Q: — E 0000 {111 -6 %uﬁ\mwm ,)%qmmmﬁnmso%
@% —>0 0001 000 -6 8/8*1/64 = 8/512 smallest norm

0 0001 OO1 -6 9/8*1/64 = 9/512
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U<:m3_n Range (Positive Only) | v=(1ym2¢

s exp frac E Value n: E = Exp — Bias
D :
Q@,Q d: E =1 — Bias
m,s\m\d ﬁﬂQﬁ\ mz“b‘\ﬂv\ﬂlw
> 00O -
2/3\ M = v., T
(S 107
/«r U\\ (It C — |largest denorm
E -6 m\m.»“_.\mp ua /\3m=mmﬁ norm) A
\ 0 0001 001 -6 9/8%1/64 = 9/512 7
g 079 N\ ) L0l
ot < ﬁ w
/&S\ 0 0110 110 -1 14/8*1/2 = 14/16 '
0 0110 111 -1 15/8*1/2 = 15/16 n_ommmwsp_om_os F-T
Notwg |-« ~0 0111 000  © 8/8*1 u@ ~ U~ (1)°. L OOD- 2

I\l\l\
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Dynamic Range (Positive Only)

s exp frac E

mmf\

o 1110 110 7

—o(foyiiy 7

0 1111 o000 n/a

% 9\5&5\
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v=(-1)>M2°
Value gﬂ E = mx_ul w_@
“d: E =1 - Bias

= etp ~Gre

ML frec
:\&\
&2 /vo \l% Ql
U (~
g )\m\ua Vs /¢
15/8%128 = (240 ﬁmqmmmﬁ norm ﬁ
inf \//f/\p m\, v _F ~N~ N
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Dynamic Range (Positive Only) | v=(1)m2¢

s exp frac E Value n: E=Exp-— Bias
0 0000 000 -6 0 d: E =1 — Bias
0 0000 001 -6 1/8*1/64 = 1/512 closest to zero
Denormalized © 0000 010 -6  2/8*1/64 = 2/512
numbers
0 0000 110 -6 6/8*1/64 = 6/512
0 0000 111 -6 7/8*1/64 = 7/512 largest denorm
0 0001 000 -6 8/8*1/64 = 8/512 smallest norm
0 0001 001 -6 9/8*1/64 = 9/512
0 0110 110 -1 14/8*1/2 = 14/16
0 0110 111 -1 15/8*1/2 = 15/16 closest to 1 below
Normalized 0 0111 o000 0 8/8*1 =1
numbers 0 0111 001 0 9/8*1 = 9/8 closest to 1 above
0 0111 010 0 10/8*1 = 10/8
0 1110 110 7 14/8*128 = 224
0 1110 111 7 15/8*128 = 240 largest norm

0 1111 000 n/a inf
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