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Today: Floating Point
¢

Background: Fractional binary num
bers

¢
IEEE floating point standard: Definition

¢
Exam

ple and properties
¢

Rounding, addition, m
ultiplication

¢
Floating point in C

¢
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Fractional binary num
bers
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Fractional Binary Num
bers: Exam

ples
¢

Value
Representation

5 3/4
101.11

2

2 7/8
010.111

2

1 7/16
001.0111

2

¢
Observations
§

Divide by 2 by shifting right (unsigned)
§

M
ultiply by 2 by shifting left

§
Num

bers of form
 0.111111…

2are just below
 1.0

§
1/2 + 1/4 + 1/8 + …

 + 1/2
i+ …

 ➙
1.0

§
Use notation 1.0 –

ε

t
i
hit

represe

O
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so
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Representable Num
bers

¢
Lim

itation #1
§

Can only exactly represent num
bers of the form

 x/2
k

§
O

ther rational num
bers have repeating bit representations

§
Value

Representation
§

1/3
0.0101010101[01]…

2

§
1/5

0.001100110011[0011]…
2

§
1/10

0.0001100110011[0011]…
2

¢
Lim

itation #2
§

Just one setting of binary point w
ithin the w

 bits
§

Lim
ited range of num

bers (very sm
all values?  very large?)

Avogadro's
num
bers

it

8 EY
E

to
070

Largest num
ber

2W
I
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allest

num
ber

zu
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IEEE Floating Point
¢

IEEE Standard 754
§

Established in 1985 as uniform
 standard for floating point arithm

etic
§

Before that, m
any idiosyncratic form

ats
§

Supported by all m
ajor CPUs

¢
Driven by num

erical concerns
§

Nice standards for rounding, overflow
, underflow

§
Hard to m

ake fast in hardw
are

§
Num

erical analysts predom
inated over hardw

are designers in defining 
standard
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¢
Num

erical Form
: 

(–1) sM
2

E

§
Sign bitsdeterm

ines w
hether num

ber is negative or positive
§

Significand
M

norm
ally a fractional value in range [1.0,2.0).

§
ExponentE

w
eights value by pow

er of tw
o

¢
Encoding
§

M
SB s

is sign bit s
§

exp
field encodes E

(but is not equal to E)
§

fracfield encodes M
(but is not equal to M

)

Floating Point Representation

s
exp

frac

G
I

6
0
2.10
22

to

6
0
2
10
23

Yo

I
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Precision options
¢

Single precision: 32 bits

¢
Double precision: 64 bits

¢
Extended precision: 80 bits (Intel only)

s
exp

frac

1
8-bits

23-bits

s
exp

frac

1
11-bits

52-bits

s
exp

frac

1
15-bits

63 or 64-bits

float
subyles

m
em
o

D
T

this
double

8
h
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O
b

I

o
o



11
Bryant and O

’Hallaron, Com
puter System

s: A Program
m

er’s Perspective, Third Edition

i

y

C
P

M
É

1
M
25

if
frac

on
O

E
L
B
ias

Ez
exp

B
ias

Ing
M

O
frae

M
ay
frae

else
11
fracto

O

N
an

can
represent Z

end
N
ot

a
N
em
be

9
e
g
FIo

D

x
O



12
B

r
y

a
n

t
 
a

n
d

 
O

’
H

a
l
l
a

r
o

n
,
 
C

o
m

p
u

t
e

r
 
S

y
s
t
e

m
s
:
 
A

 
P

r
o

g
r
a

m
m

e
r
’
s
 
P

e
r
s
p

e
c
t
i
v

e
,
 
T

h
i
r
d

 
E

d
i
t
i
o

n

C
arnegie M

ellon

“Norm
alized” Values
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alized” Values
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Norm
alized Encoding Exam

ple
¢

Value: float F = 15213.0;
§

15213
10

= 11101101101101
2  

= 1.1101101101101
2 x 2

13

¢
Significand
M

= 
1.1101101101101

2

frac
= 

11011011011010000000000
2

¢
Exponent
E

= 
13

Bias
= 

127
Exp

= 
140 

=
10001100

2

¢
Result:

0 10001100 11011011011010000000000 
s

exp
frac

v =
 (–1) sM

2
E

E
=

  Exp
–

Bias

0
0

7
ria

o
e

it
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Denorm
alized

Values
¢

Condition: exp = 000…
0

¢
Exponent value: E

= 1 –
Bias (instead of E

= 0 –
Bias)

¢
Significand

coded w
ith im

plied leading 0: M
= 0.xxx…

x2
§
xxx…x: bits of frac

v =
 (–1) sM

2
E

E
=

  1
–

Bias

I
a
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Denorm
alized

Values
¢

Condition: exp = 000…
0

¢
Exponent value: E

= 1 –
Bias (instead of E

= 0 –
Bias)

¢
Significand

coded w
ith im

plied leading 0: M
= 0.xxx…

x2
§
xxx…x: bits of frac

¢
Cases
§
exp

= 000…0, frac
= 000…0

§
Represents zero value

§
Note distinct values: +0 and –0 (w

hy?)
§
exp

= 000…0, frac
≠ 000…0

§
Num

bers closest to 0.0
§

Equispaced

v =
 (–1) sM

2
E

E
=

  1
–

Bias

-

veins
c
it
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Special Values
¢

Condition: exp
= 111…1

¢
Case: exp

= 111…1, frac
= 000…0

§
Represents value       (infinity)

§
Operation that overflow

s
§

Both positive and negative
§

E.g., 1.0/0.0 = −1.0/−0.0 = +       ,  1.0/−0.0 = −

¢
Case: exp

= 111…1, frac
≠ 000…0

§
Not-a-Num

ber (NaN)
§

Represents case w
hen no num

eric value can be determ
ined

§
E.g., sqrt(–1),        −        ,         0 I

m
ultiple

hit
representations

forN
at
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Visualization: Floating Point Encodings

+
−

-0

+Denorm
+Norm

alized
−Denorm

−Norm
alized

+0
NaN

NaN
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¢
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ple and properties
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Tiny Floating Point Exam
ple

¢
8-bit Floating Point Representation
§

the sign bit is in the m
ost significant bit

§
the next four bits are the exponent, w

ith a bias of 7
§

the last three bits are the frac

¢
Sam

e general form
 as IEEE Form

at
§

norm
alized, denorm

alized
§

representation of 0, NaN, infinity

s
exp

frac

1
4-bits

3-bits

exp
o

it

B
ias

2
1
7
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s
exp  frac

E
Value

0 0000 000
-6

0
0 0000 001

-6
1/8*1/64 = 1/512

0 0000 010
-6

2/8*1/64 = 2/512
…0 0000 110

-6
6/8*1/64 = 6/512

0 0000 111
-6

7/8*1/64 = 7/512
0 0001 000

-6
8/8*1/64 = 8/512

0 0001 001  
-6

9/8*1/64 = 9/512
…0 0110 110

-1
14/8*1/2 = 14/16

0 0110 111
-1

15/8*1/2 = 15/16
0 0111 000

0
8/8*1    = 1

0 0111 001
0

9/8*1    = 9/8
0 0111 010

0
10/8*1   = 10/8

…0 1110 110
7

14/8*128 = 224
0 1110 111

7
15/8*128 = 240

0 1111 000
n/a

inf

Dynam
ic Range (Positive Only)

closest to zero

largest denorm
sm

allest norm

closest to 1 below

closest to 1 above

largest norm

Denorm
alized

num
bers

Norm
alized

num
bers

v =
 (–1) sM

2
E

n: E = Exp
–

Bias
d: E

=
 1

–
Bias

I
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s
exp  frac

E
Value

0 0000 000
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0 0000 001

-6
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…0 0000 110

-6
6/8*1/64 = 6/512

0 0000 111
-6

7/8*1/64 = 7/512
0 0001 000

-6
8/8*1/64 = 8/512

0 0001 001  
-6

9/8*1/64 = 9/512
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0 0111 001
0

9/8*1    = 9/8
0 0111 010

0
10/8*1   = 10/8

…0 1110 110
7

14/8*128 = 224
0 1110 111

7
15/8*128 = 240

0 1111 000
n/a

inf

Dynam
ic Range (Positive Only)

closest to zero

largest denorm
sm

allest norm

closest to 1 below

closest to 1 above

largest norm

Denorm
alized

num
bers

Norm
alized

num
bers

v =
 (–1) sM

2
E

n: E = Exp
–

Bias
d: E

=
 1

–
Bias

Et

B
ias

m
ao.fravIfBid

aw
3
o 0
0
0
t

I
B
iased

Yw

4
0.010.26
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