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Attention
BLEU: Bilingual Evaluation Understudy

https://cloud.google.com/translate/automl/docs/evaluate#bleu
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Attention Types

Table: https://lilianweng.github.io/lil-log/2018/06/24/attention-attention.html
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Attention: Transformer
• Vanilla self attention:

𝑒!′ = $
"

exp 𝑒"#𝑒!
∑$ exp 𝑒$# 𝑒!

𝑒"
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• Scaled-dot product attention:

𝑒!′ = $
"

exp 𝑘 𝑒"# 𝑞(𝑒!)
∑$ exp 𝑘 𝑒$# 𝑞(𝑒!)

𝑣(𝑒")
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Multi-head Attention

CENG501

Fig: https://d2l.ai/chapter_attention-mechanisms-and-
transformers/multihead-attention.htmlFig: Attention is all you need.
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Fig: https://d2l.ai/chapter_attention-mechanisms-and-transformers/self-attention-and-positional-encoding.html
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Encoder

CENG501
https://jalammar.github.io/illustrated-transformer/

.

.

.

Previously
 on CENG501



9
https://lilianweng.github.io/lil-log/2018/06/24/attention-attention.html
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Decoder
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Skip Connections & Normalization

CENG501

https://jalammar.github.io/illustrated-transformer/

LayerNorm applied to 
each embedding 
independently
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Byte-pair Encoding (BPE)

• Represent frequent byte-pairs as tokens
• E.g., given the corpus:

Corpus (“word”, frequency): ("hug", 10), ("pug", 5), ("pun", 12), ("bun", 4), ("hugs", 5)   

   our vocabulary would be:
         ("h" "u" "g", 10), ("p" "u" "g", 5), ("p" "u" "n", 12), ("b" "u" "n", 4), ("h" "u" "g" "s", 5)

• “ug” and “un” can be recognized to be very frequent. So, combine them:
 Vocabulary: ["b", "g", "h", "n", "p", "s", "u", "ug", "un", "hug"] 
 Corpus: ("hug", 10), ("p" "ug", 5), ("p" "un", 12), ("b" "un", 4), ("hug" "s", 5)

Sinan Kalkan 12

Example from: https://huggingface.co/learn/llm-course/en/chapter6/5
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Comparison among Embeddings

CENG501

Method Out-of-Vocabulary 
Generalization Vocabulary Size Sub-word 

Semantics
Language 
Specificity Sequence Length

Character-level Excellent Very small Weak Language 
agnostic Very long

Word-level Poor Very large None Language 
specific

Short (one token 
per word)

Byte-pair Very good Medium/flexible 
(user-defined) Very good Medium Longer than 

word-level

WordPiece Good (slightly 
worse than BPE)

Medium/flexible 
(user-defined) Very good Medium Longer than 

word-level
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Positional Encoding: Motivation

Sinan Kalkan 14

Index 2 Index 1 Index 0

Embedding 0 0 0 0

Embedding 1 0 0 1

Embedding 2 0 1 0

Embedding 3 0 1 1

Embedding 4 1 0 0

Embedding 5 1 0 1

Embedding 6 1 1 0

Embedding 7 1 1 1

Important to distinguish: 

“man bites dog” 

vs 

“dog bites man”

Self − attention	is	unaware	about	
positions:

𝑒!′ = 9
"

exp 𝑘 𝑒"# 𝑞(𝑒!)
∑$ exp 𝑘 𝑒$# 𝑞(𝑒!)

𝑣(𝑒")
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Positional Encoding: Alternatives

• Hand-crafted position 
embeddings (using the sin 
function)
• Learnable position embeddings
• Relative position embeddings
• Rotary positional embedding 

(ROPE)

CENG501

Important to distinguish: “man bites dog” vs “dog bites man”
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Position Encoding: More Details

CENG501

is the frequency.
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import numpy as np
import matplotlib.pyplot as plt

def sinusoidal_positional_encoding(max_position, d_model):
   position = np.arange(max_position)[:, np.newaxis]
   # The original formula pos / 10000^(2i/d_model) is equivalent to pos * (1 / 10000^(2i/d_model)).
   # I use the below version for numerical stability
   div_term = np.exp(np.arange(0, d_model, 2) * -(np.log(10000.0) / d_model))

   pe = np.zeros((max_position, d_model))
   pe[:, 0::2] = np.sin(position * div_term)
   pe[:, 1::2] = np.cos(position * div_term)

   return pe

max_position = 100 # Maximum sequence length
d_model = 128 # Embedding dimension

pe = sinusoidal_positional_encoding(max_position, d_model)

Material from: https://medium.com/thedeephub/positional-
encoding-explained-a-deep-dive-into-transformer-pe-
65cfe8cfe10b
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Material from: https://medium.com/thedeephub/positional-
encoding-explained-a-deep-dive-into-transformer-pe-
65cfe8cfe10b
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Material from: https://medium.com/thedeephub/positional-
encoding-explained-a-deep-dive-into-transformer-pe-
65cfe8cfe10b

What happens if pos is zero?



Position Encoding: More Details

CENG501

This approach provides relative positional 

information as well:

•  Assume a token at 𝑝𝑜𝑠 + 𝑘.

• Standard trigonometry tells us:

sin 𝐴 + 𝐵 = sin𝐴 cos𝐵 + cos𝐴 sin𝐵

cos 𝐴 + 𝐵 = cos𝐴 cos𝐵 − sin𝐴 sin𝐵

• Using these for 𝑝𝑜𝑠 + 𝑘:

• Which can be written as a matrix multiplication:

• This tells us: The PE of 𝑝𝑜𝑠 + 𝑘 can be written in terms of PE 

of 𝑝𝑜𝑠.

• Self-attention between embeddings at these positions 

reduces to a simple term that depends on 𝑘:

is the frequency.



Absolute vs. Relative Positional Encoding
• If the sinusoidal positional encoding can encode relative positions, 

why need relative positional encoding methods?

• In theory, the sinusoidal PE can encode relative positions. However, it 
is harder to deduce relative positions:

𝑆𝑐𝑜𝑟𝑒!," = 𝑒! + 𝑝! 𝑊B ⋅ 𝑒" + 𝑝" 𝑊C
• This translates to:

• (𝑒!𝑊%) ⋅ (𝑒"𝑊&): Semantic similarity
• (𝑝!𝑊%) ⋅ (𝑝"𝑊&): Position similarity. Encodes relative distance 𝑖 − 𝑗.
• (𝑒!𝑊%) ⋅ (𝑝"𝑊&): Depends on absolute position. 
• (𝑝!𝑊%) ⋅ (𝑒"𝑊&): Depends on absolute position.

CENG501



Positional Encoding: Alternatives

• Hand-crafted position 
embeddings (using the sin 
function)
• Learnable position embeddings
• Relative position embeddings
• Rotary positional embedding 

(ROPE)

CENG501

Index 2 Index 1 Index 0

Embedding 0 𝒆𝟎𝟐 𝒆𝟎𝟏 𝒆𝟎𝟎

Embedding 1 𝒆𝟏𝟐 𝒆𝟏𝟏 𝒆𝟏𝟎

Embedding 2 𝒆𝟐𝟐 𝒆𝟐𝟏 𝒆𝟐𝟎

Embedding 3 𝒆𝟑𝟐 𝒆𝟑𝟏 𝒆𝟑𝟎

Embedding 4 𝒆𝟒𝟐 𝒆𝟒𝟏 𝒆𝟒𝟎

Embedding 5 𝒆𝟓𝟐 𝒆𝟓𝟏 𝒆𝟓𝟎

Embedding 6 𝒆𝟔𝟐 𝒆𝟔𝟏 𝒆𝟓𝟎

Embedding 7 𝒆𝟕𝟐 𝒆𝟕𝟏 𝒆𝟕𝟎

Define position embedding matrix as a learnable tensor 
(each 𝒆𝒊𝒋 is a learnable parameter):

Previously
 on CENG501



Positional Encoding: Alternatives

• Hand-crafted position 
embeddings (using the sin 
function)
• Learnable position 

embeddings
• Relative position 

embeddings
• Rotary positional 

embedding (ROPE)

CENG501

𝑎+,  encodes relative 
positions between 
embeddings 𝑥+  and x,. 
𝑤: learnable parameter. 

Self-Attention with Standard Position Embeddings

Self-Attention with Relative Position Embeddings

Shaw et al., Self-Attention with Relative Position Representations, 2018.

Previously
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Positional Encoding: Alternatives

• Hand-crafted position 
embeddings (using the 
sin function)
• Learnable position 

embeddings
• Relative position 

embeddings
• Rotary positional 

embedding (ROPE)

CENG501

Fig: Su et al., RoFormer: Enhanced Transformer with Rotary Position Embedding, 2021.
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A Significant Issue with Self-Attention: 
Complexity

𝑒!I =$
"

exp 𝑘 𝑒"# 𝑞(𝑒!)
∑$ exp 𝑘 𝑒$# 𝑞(𝑒!)

𝑣(𝑒")

• If	there	are	𝑛	tokens/embeddings,	
• Updating	a	single	token	requires	𝑂(𝑛)	operations.
• Overall:	𝑂 𝑛4

• What	is	the	complexity	of	an	RNN	layer	with	𝑛	time	steps?

CENG501
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Linear Attention

CENG501

ICML 2020

Self-attention:

Rewrite Eq 2 for one row of the matrix:

Constraint for sim(): It should be non-negative. 
Then, we can choose any other kernel/function:

Previously
 on CENG501



Today

• State-space Models
• Mamba
• Pretraining Deep Networks for NLP Tasks
• Large-Language Models

CENG501



Administrative Notes

• Project next steps:
• Milestones:

1.Milestone (April 10, midnight):
• Read & understand the paper
• Download the datasets
• Prepare the Readme file excluding the results & conclusion

2.Milestone (May 4, midnight)
• The results of the first experiment

3.Milestone (June 1, midnight)
• Final report (Readme file)
• Repo with all code & trained models

CENG501



Rejected at ICLR2024



Structured State Space Sequence 
(S4) Model 



State Space Models (SSMs)

• Notation:
• x(t): input (e.g., observation)
• h(t): latent state representation
• y(t): predicted output

• State update equation:
• h’(t) = A h(t) + B x(t)

• Output equation:
• y(t) = C h(t) + D x(t)

• A, B, C, D: learnable params

https://newsletter.maartengrootendorst.com/p/a-visual-guide-to-mamba-and-state



State Space Models (SSMs)
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State Space Models (SSMs)

https://newsletter.maartengrootendorst.com/p/a-visual-guide-to-mamba-and-state



State Space Models (SSMs)

https://newsletter.maartengrootendorst.com/p/a-visual-guide-to-mamba-and-state

• Convert discrete signal to a continuous signal
• Obtain a continuous output
• Convert the continuous output to a discrete signal

Zero-order 
Hold

∆: Hold interval -- Learnable



https://huggingface.co/blog/lbourdois/get-on-the-ssm-train



State Space Models (SSMs)
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State Space Models (SSMs)
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State Space Models (SSMs)
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State Space Models (SSMs)

https://newsletter.maartengrootendorst.com/p/a-visual-guide-to-mamba-and-state

“So how can we create matrix A in a way that retains a large 
memory (context size)?”

High-order Polynomial Projection Operators (HIPPO)

Gu, Albert, et al. "Hippo: Recurrent memory with optimal polynomial 
projections." Advances in neural information processing systems 33 
(2020): 1474-1487.



State Space Models (SSMs)
https://srush.github.io/annotated-s4/

“Prior work found that the basic SSM actually 
performs very poorly in practice. Intuitively, one 
explanation is that they suffer from gradients scaling 
exponentially in the sequence length (i.e., the 
vanishing/exploding gradients problem)."

“Previous work found that simply modifying an 
SSM from a random matrix A to HiPPO improved 
its performance on the sequential MNIST 
classification benchmark from 60% to  98%.”

“For our purposes we mainly need to know that: 1) we only 
need to calculate it once, and 2) it has a nice, simple structure 
(which we will exploit in part 2). Without going into the ODE 
math, the main takeaway is that this matrix aims to compress 
the past history into a state that has enough information to 
approximately reconstruct the history.”

“Diving a bit deeper, the intuitive explanation of this matrix is 
that it produces a hidden state that memorizes its history. It 
does this by keeping track of the coefficients of a Legendre 
polynomial. These coefficients let it approximate all of the 
previous history.”

Voelker, Aaron R.; Kajić, Ivana; Eliasmith, Chris (2019). Legendre Memory Units: 
Continuous-Time Representation in Recurrent Neural Networks (PDF). Advances in Neural 
Information Processing Systems.



State Space Models (SSMs)

https://newsletter.maartengrootendorst.com/p/a-visual-guide-to-mamba-and-state

For more on this: https://srush.github.io/annotated-s4/



Reading material

• Introduction to SSM
• https://huggingface.co/blog/lbourdois/get-on-the-ssm-train

• A History of SSM Models:
• https://huggingface.co/blog/lbourdois/ssm-2022 

• A Visual Guide to Mamba and SSMs:
• https://newsletter.maartengrootendorst.com/p/a-visual-guide-to-mamba-

and-state 

https://huggingface.co/blog/lbourdois/get-on-the-ssm-train
https://huggingface.co/blog/lbourdois/get-on-the-ssm-train
https://huggingface.co/blog/lbourdois/get-on-the-ssm-train
https://huggingface.co/blog/lbourdois/get-on-the-ssm-train
https://huggingface.co/blog/lbourdois/get-on-the-ssm-train
https://huggingface.co/blog/lbourdois/get-on-the-ssm-train
https://huggingface.co/blog/lbourdois/get-on-the-ssm-train
https://huggingface.co/blog/lbourdois/get-on-the-ssm-train
https://huggingface.co/blog/lbourdois/get-on-the-ssm-train
https://huggingface.co/blog/lbourdois/get-on-the-ssm-train
https://huggingface.co/blog/lbourdois/ssm-2022
https://huggingface.co/blog/lbourdois/ssm-2022
https://huggingface.co/blog/lbourdois/ssm-2022
https://huggingface.co/blog/lbourdois/ssm-2022
https://newsletter.maartengrootendorst.com/p/a-visual-guide-to-mamba-and-state
https://newsletter.maartengrootendorst.com/p/a-visual-guide-to-mamba-and-state
https://newsletter.maartengrootendorst.com/p/a-visual-guide-to-mamba-and-state
https://newsletter.maartengrootendorst.com/p/a-visual-guide-to-mamba-and-state
https://newsletter.maartengrootendorst.com/p/a-visual-guide-to-mamba-and-state
https://newsletter.maartengrootendorst.com/p/a-visual-guide-to-mamba-and-state
https://newsletter.maartengrootendorst.com/p/a-visual-guide-to-mamba-and-state
https://newsletter.maartengrootendorst.com/p/a-visual-guide-to-mamba-and-state
https://newsletter.maartengrootendorst.com/p/a-visual-guide-to-mamba-and-state
https://newsletter.maartengrootendorst.com/p/a-visual-guide-to-mamba-and-state
https://newsletter.maartengrootendorst.com/p/a-visual-guide-to-mamba-and-state
https://newsletter.maartengrootendorst.com/p/a-visual-guide-to-mamba-and-state
https://newsletter.maartengrootendorst.com/p/a-visual-guide-to-mamba-and-state
https://newsletter.maartengrootendorst.com/p/a-visual-guide-to-mamba-and-state
https://newsletter.maartengrootendorst.com/p/a-visual-guide-to-mamba-and-state


MAMBA
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Motivation: Gap in the literature



Motivation: Gap in the literature



Contributions

• “Selective Scan” Structured State Space Sequence (S6) Models 



Tasks that are challenging for S4

https://newsletter.maartengrootendorst.com/p/a-visual-guide-to-mamba-and-state

“However, a (recurrent/convolutional) SSM performs poorly in 
this task since it is Linear Time Invariant. As we saw before, the 
matrices A, B, and C are the same for every token the SSM 
generates.”

“In the above example, we are essentially performing one-shot 
prompting where we attempt to “teach” the model to provide an “A:” 
response after every “Q:”. However, since SSMs are time-invariant it 
cannot select which previous tokens to recall from its history.”



Mamba

https://newsletter.maartengrootendorst.com/p/a-visual-guide-to-mamba-and-state



Mamba

https://newsletter.maartengrootendorst.com/p/a-visual-guide-to-mamba-and-state

In Mamba, the matrices are 
different for each time step:



Mamba



Mamba



Mamba

https://newsletter.maartengrootendorst.com/p/a-visual-guide-to-mamba-and-state

Sequential scan – 
Not suitable for parallelization

“Together, dynamic matrices B and C, and the parallel scan 
algorithm create the selective scan algorithm to represent the 
dynamic and fast nature of using the recurrent representation.”

Parallel scan





Mamba block





Multi-scale Mamba

CENG501

Y. M. Karadag, I. G. Dino, S. Kalkan, "ms-Mamba: Multi-scale 
Mamba for Time-Series Forecasting", 680:133226, 
Neurocomputing, 2026.



Multi-scale Mamba

CENG501

Y. M. Karadag, I. G. Dino, S. Kalkan, "ms-Mamba: Multi-scale 
Mamba for Time-Series Forecasting", 680:133226, 
Neurocomputing, 2026.



Now

• Pretraining Transformers for language tasks
• Large Language Models

CENG501



Pre-training in NLP

CENG501Slide: Jacob Devlin
https://nlp.stanford.edu/seminar/details/jdevlin.pdf



Pre-training in NLP
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Pre-training in NLP
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Pre-training in NLP

CENG501Slide: Jacob Devlin
https://nlp.stanford.edu/seminar/details/jdevlin.pdf



GPT-1
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GPT-1

• 12 layer decoder-only 
transformer
• Unsupervised 

pretraining
• BookCorpus dataset

• Supervised finetuning
• Textual alignment
• QA & commonsense 

reasoning
• Semantic similarity
• Classification

69Sinan Kalkan



GPT-1
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GPT-1

CENG501Slide: Weizhi Wang
https://victorwz.github.io/additional_files/slides_gpt_cs291A.pdf



GPT-1

CENG501Slide: Weizhi Wang
https://victorwz.github.io/additional_files/slides_gpt_cs291A.pdf



GPT-1 Results
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BERT
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Bidirectional Encoder 
Representations from 
Transformers (BERT)

75Sinan Kalkan

2018



BERT: NLP Tasks
• MNLI: Multi-Genre Natural Language Inference

• NER: Named Entity Recognition
• SQuaD: Stanford Question Answering Dataset

CENG501



BERT: Motivation

CENG501Slide: Jacob Devlin
https://nlp.stanford.edu/seminar/details/jdevlin.pdf



BERT: Motivation

CENG501Slide: Jacob Devlin
https://nlp.stanford.edu/seminar/details/jdevlin.pdf

Actually, this is vanilla attention that 
is not causal!



BERT: Motivation

CENG501Slide: Jacob Devlin
https://nlp.stanford.edu/seminar/details/jdevlin.pdf



BERT: Motivation
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BERT: Motivation

CENG501Slide: Jacob Devlin
https://nlp.stanford.edu/seminar/details/jdevlin.pdf



BERT
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BERT
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BERT
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BERT
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https://gluebenchmark.com/



BERT

86Sinan Kalkan



Other GPT Models
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CENG501Slide: Weizhi Wang
https://victorwz.github.io/additional_files/slides_gpt_cs291A.pdf



GPT-2
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GPT-2
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GPT-2

• Approach: Train a transformer 
with large amounts of web data
• Objective: Next token prediction

91Sinan Kalkan



GPT-2

CENG501Slide: Weizhi Wang
https://victorwz.github.io/additional_files/slides_gpt_cs291A.pdf



GPT-2

CENG501Slide: Weizhi Wang
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GPT-2

CENG501Slide: Weizhi Wang
https://victorwz.github.io/additional_files/slides_gpt_cs291A.pdf



GPT-3
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GPT-3
• In-context learning!
• Large scale: 

• 175B parameters!
• Lots and lots of data!

96Sinan Kalkan



GPT-3

CENG501Slide: Weizhi Wang
https://victorwz.github.io/additional_files/slides_gpt_cs291A.pdf



GPT-3

CENG501Slide: Weizhi Wang
https://victorwz.github.io/additional_files/slides_gpt_cs291A.pdf
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https://spectrum.ieee.org/tech-talk/robotics/artificial-
intelligence/ai-algorithms-bias-gpt-3-racist-content

Sinan Kalkan



CENG501Slide: Weizhi Wang
https://victorwz.github.io/additional_files/slides_gpt_cs291A.pdf



GPT-3.5 (a.k.a., ChatGPT)

CENG501



110Sinan Kalkanhttps://openai.com/index/chatgpt/



RLHF

CENG501

NeurIPS2020



CENG501Slide: Weizhi Wang
https://victorwz.github.io/additional_files/slides_gpt_cs291A.pdf

https://openai.com/index/chatgpt/
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CENG501Slide: Weizhi Wang
https://victorwz.github.io/additional_files/slides_gpt_cs291A.pdf

Ensures the model 
does not forget its 
prior information!



CENG501Slide: Weizhi Wang
https://victorwz.github.io/additional_files/slides_gpt_cs291A.pdf

Pulls towards new, better 
answers/behavior! Ensures new 

answers/behaviors 
stay/are appropriate!

Ensures the model 
does not forget its 
prior information!


